The linear-response theory of the multiconfigurational time-dependent Hartree for bosons method for computing many-body excitations of trapped Bose-Einstein condensates [Phys. Rev. A 88, 023606 (2013)] is implemented for systems with general interparticle interaction. Illustrative numerical examples for repulsive and attractive bosons are provided. The many-body linear-response theory identifies the excitations not unraveled within Bogoliubov-de Gennes equations. The theory is herewith benchmarked against the exactly-solvable one-dimensional harmonic-interaction model.
I. INTRODUCTION
The standard and most popular avenue to compute the dynamics (and excitations) of a Bose-Einstein condensate (BEC) is the Gross-Pitaevskii equation, which assumes all bosons to occupy a single one-particle state [1] [2] [3] . Clearly, whenever the system under investigation is not fully condensed one has to go beyond Gross-Pitaevskii theory in order to faithfully account for the system's dynamics, a matter which is well documented in the literature, see, e.g., the recent book [4] and references therein.
The usual way to account for excitations in a BEC is to build them atop the GrossPitaevskii ground state, taking a particle out from the condensate to an excited one-particle state. Formally, this leads to the Bogoliubov-de Gennes equations which often are also referred to as linear response of the Gross-Pitaevskii equation [1] [2] [3] [4] [5] [6] [7] [8] [9] . It turns out, as we have recently shown [10] , that even if the ground state is well described by the fully-condensed Gross-Pitaevskii wavefunction, many excitations are missing by this standard treatment. For fully-fragmented ground states [11] , more excitations appear [12] . Thus, to describe systems whose ground states are not fully condensed and, importantly, to identify new classes of excitations which cannot be resolved by the standard tools, suitable methods are in need.
Consider N trapped bosons, interacting by a generic interparticle interaction. The manyparticle Hamiltonian is written as followŝ
Hereĥ(r) is the one-body Hamiltonian which consists of kinetic and potential (trap) terms andŴ (r, r ′ ) is a generic interparticle interaction which is symmetric to permutation of the particles' coordinates. In the familiar case for ultracold bosonic atoms it takes the form
where the interaction parameter λ 0 is proportional to the s-wave scattering length.
We recall that by approximating the system's time-dependent wavefunction by the product state
and utilizing the Dirac-Frenkel variational principle, the Gross-Pitaevskii equation, iφ(r, t) = [ĥ(r) + λ|φ(r, t)| 2 ]φ(r, t), where λ = λ 0 (N − 1), is obtained.
The linear-response theory atop the Gross-Pitaevskii mean-field wavefunction (2) is formally obtained by linearizing the Gross-Pitaevskii equation around the ground-state solution. It results in the Bogoliubov-de Gennes equations which take on the matrix form
The linear-response matrix L BdG depends explicitly on the ground-state orbital φ 0 . µ is the chemical potential. The excitation spectrum ω k of the BEC as well as the so-called response amplitudes u k and v k are obtained by solving the eigenvalue system (3).
II. MANY-BODY THEORY
In many situations as mentioned above the ground state of the BEC cannot be described well by the wavefunction Eq. (2). Importantly, even when the ground state is well approximated by the Gross-Pitaevskii wavefunction (2), the standard linear-response atop misses many excitations [10] , also see the benchmarks in Sec. III below. The natural idea was to use a more extended ansatz for the system's wavefunction, and then to perform linear response atop [10, 13] . We recall that linear response atop the exact ground state gives rise to the exact many-body excitation spectrum, see, e.g., [14, 15] .
Let us briefly describe the underlying many-body theory for BECs used in the present work before we proceed to its linear response. In the multiconfigurational time-dependent
Hartree for bosons (MCTDHB) method [16, 17] the bosons are allowed to occupy not one but j = 1, . . . , M one-particle functions (modes) φ j . The many-body wavefunction is assembled by distributing the N bosons over the M one-particle functions
where C n (t) are the expansion coefficients and | n; t are permanents (Fock states) with n ≡ (n 1 , . . . , n M ), n 1 + . . . + n M = N. Utilizing the Dirac-Frenkel variational principle, the oneparticle functions φ j as well as the expansion coefficients C n are determined self-consistently.
This leads to a system of coupled equations which has been coined in the literature the MCTDHB method [16, 17] . The MCTDHB method has been used for unveiling many-body phenomena with repulsive and attractive BECs in one-dimensional setups, see, e.g., [18] [19] [20] [21] , and benchmarked against an exactly-solvable model [22] . Clearly, if the obtained many-body dynamics is accurate then MCTDHB manages to resolve the excitation spectra of BECs. This has motivated us to pursue its linear response, as a venue to research on the many-body level excitations of trapped BECs directly, i.e., without
propagation.
The derivation of the linear-response (LR) theory atop the wavefunction (4) is rather lengthly but otherwise straightforward [10, 13] . We will not repeat it here and begin from the final result for the resulting LR-MCTDHB theory, which takes on the form of the
The linear-response matrix L of the many-boson wavefunction Ψ is more involved than the Bogoliubov-de Gennes linear-response matrix (3). We will discuss its structure shortly.
Physically, the response amplitudes of all modes, u k and v k , and of all expansion coefficients, C k u and C k v , combine to give the many-body excitation spectrum ω k . For comparison, in the Bogoliubov-de Gennes linear-response matrix (3) there is only a single block representing the sole one-particle function used to describe the BEC within Gross-Pitaevskii theory. In
Ref. [10] we have successfully managed to explicitly construct L for bosons interacting by contact potential and obtained the many-body excitation spectrum.
There is another way to group the linear-response matrix which we are now going to exploit. Namely, first to list the orbitals' and coefficients' 'u' blocks and then the respective 'v' blocks. In this way each of the new blocks has the same dimension, see below. The spectrum, of course, does not change. Hence, reshuffling the blocks of L the final result can be written as
where details of the blocks of L are collected in [25] .
The above general relation between the 'u' and 'v' blocks of L is appealing since we may mix them and eventually block diagonalize L. For this, consider the transformation
where θ is the operation of complex conjugation, for example,
to show that Q block diagonalizes L; Consult the appendix for additional details. The final result reads
with the relations between the eigenvectors' blocks f
Eq. (8) is the main result of this work on the theory side; We compactly represent the LR-MCTDHB theory in a block-diagonal form. Because the resulting (square of the) excitation spectrum is bound from below, this will open up an avenue for treating larger systems.
First, this in particular would allow one to use standard diagonalization techniques for matrices with bound spectra. Here, Eq. (8) defines the basic operation of matrix-to-vector multiplication used in such techniques. Second, it reduces the size of the linear-response matrix to half its size. Furthermore, since Q in Eq. (7) is a complex transformation, the many-body wavefunction atop which the many-body linear response is performed can be a complex quantity. Such a construction generalizes the block-diagonalization treatment of the Bogoliubov-de Gennes equations, see, e.g., [26, 27] . This concludes our block diagonalization of the LR-MCTDHB theory.
III. ILLUSTRATIVE NUMERICAL EXAMPLES AND BENCHMARKS
In the following section we would like to report the implementation and application of LR-MCTDHB with general interparticle interaction. As an illustrative system we have chosen the harmonic-interaction model [28, 29] . This is an analytically-solvable model, yet, it is not at all trivial to be treated numerically. First, because the interaction is non-contact the construction of various matrix elements for computing the ground-state wavefunction and its response matrix are much more involved. We have now successfully coped with this task. Second, the solution of the problem on the computer is done in the laboratory frame, where all the bosons are indistinguishable. This is unlike the analytical solution which exploits the separability of the center-of-mass and relative coordinates' degrees-of-freedom.
As mentioned above, the harmonic-interaction model and a time-dependent extension of which have been used to benchmark MCTDHB [22] . Hence, we expect the model to be instrumental in benchmarking the excitation spectrum computed by the many-body linearresponse theory.
In Eq.
(1) the one-body Hamiltonian is nowĥ(x) = − 1 2 [28, 29] 
with the center-of-mass (CM) and relative coordinates' (rel) quantum numbers n CM = 1, 2, 3, . . . and n rel = 2, 3, . . . .
We consider N = 1000 weakly-interacting repulsive bosons (K = −0.0001) and compare in Table I below the LR-MCTDHB results with the analytical formula (9). The many-body theory improves as one would expect the accuracy of excitations unveiled by Bogoliubov-de Gennes theory. More important, it unravels additional excitations. We see the capability of the LR-MCTDHB theory to describe numerically-exactly the center-of-mass and relative coordinates' excitations. We stress again that the computation is done in the laboratory frame, where all bosons are equivalent, i.e., the separability to center-of-mass and relative coordinates, which is special for harmonic traps, is not exploited. We now move to attractive interaction and compute the excitation spectrum of N = 1000 bosons with K = +0.0001. The results are collected in Table II and show, as above, the capability of LR-MCTDHB to uncover the missing excitations and to numerically-converge to the analytical results. When comparing the repulsive and attractive systems, please note the interchange of order of some center-of-mass and relative coordinates' excitations.
IV. CONCLUDING REMARKS
The linear-response theory of the multiconfigurational time-dependent Hartree for bosons method for computing many-body excitations of trapped Bose-Einstein condensates has been implemented for systems with general interparticle interaction. This allows us to investigate the excitation spectrum of interacting bosons with, for instance, long-range interaction.
As illustrative examples we considered, separately, repulsive and attractive bosons within the one-dimensional harmonic-interaction model. The many-body linear-response theory Table I is capable of identifying all excitations, including the excitations which are not unraveled within Bogoliubov-de Gennes equations. The results of the present work serve to benchmark the LR-MCTDHB method.
As a complementary result, we compactly represent the theory in a block-diagonal form.
This will open up an avenue for treating larger systems. We expect the LR-MCTDHB theory and its implementation for general interparticle interaction to provide an important probe into the many-body excitation involved in the out-of-equilibrium dynamics of trapped BECs. Interestingly, the transformation matrix Q is neither a unitary nor an anti-unitary operator.
Its inverse exists and reads
Multiplying with Q from the left on both sides of Eq. (A.1) we find
3) from the left with the transformed matrix we obtain the desired result in a block-diagonal form
This concludes our derivation.
Using the operation of complex conjugation θ above becomes redundant if A and B are real quantities. In this case, which is usually considered within Bogoliubov-de Gennes equations, see, e.g., [26, 27] , Q becomes a unitary operator.
[ [25] The blocks of the linear-response matrix (6) are given by
The meaning of the ingredients is as follows: P is a projector matrix on the subspace of one-particle functions orthogonal to the ground-state modes φ j ; P C is a projector matrix on the subspace of permanents' coefficients orthogonal to the ground-state coefficients C n ; ρ is the reduce one-particle density matrix of the ground state; and (·)Ĥ −ε marks the operation of the Hamiltonian in Fock space utilizing mapping of permanents [30] and ε is the groundstate energy. Finally, the sub-blocks L further details, they are given in [10, 13] .
